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An analytic solution of the axisymmetric problem of unsteady convective
diffusion at the surface of an absorbing drop is obtained for a wide class of
unsteady flows of a viscous incompressible fluid , Explicit formulas for the
dependence of diffusion fluxes on time are derived in the case of steady tran-
slational and purely shear flow around at low Reynolds numbers and unsteady
diffusion, The asymptotics of solution of the problem of diffusion on a bubble
in a uniformly accelerating stream are obtained for short times.

1, Unsteady diffusion on the surface of an absorbing drop. The
general solution. Let us consider the process of unsteady convective diffusion on
the surface of a spherical drop in a viscous fluid stream, on the assumption of a high
Péclet number, On the assumption of total absorption of the substance dissolved in the
stream on the drop surface and constant concentration away from it, using the boundary
layer approximation, we write the dimensionless equation of convective diffusion as

de 4w poy 9% Y
o T sme 3 (y, 9) =P E (p* D) (1.1)

e, y, 0) =1, c(t 0.0 =0, c(t oo, 0) =1

where r = y + 1, 0 is the spherical system of coordinates attached to the drop center
with angle § measured from the efflux trajectory 6+ (from the direction of flow at
infinity in the case of translational flow past the drop); ¢ is the concentration; D is
the coefficient of diffusion; 1 is the stream function; 9 (c, ) / @ (y, 8) is the
Jacobian of functions ¢ and t; the measurement units are: the drop radius @, the char-
acteristic velocity (at infinity) U/, and time a / U.

The first boundary condition in (1, 1) coiresponds to the usual condition of flow-on
(the singular streamline 67(6*)on which the normal velocity component near the
particle is directed toward (away from) its surface is called the flow - on ( flow - off)
trajectory [1] ).

We assume that the stream function near the drop (bubble ) surface may be repre-
sented in the form

y—>0, vt y, 0)>Q)yf(0); Q()>0 (1.2)

As will be shown in Sect. 3, the representation (1. 2) is valid for translational and
shear flows past a bubble,
To simplify the analysis we consider below the region o = {0+ < 6 < 07} where
7 (8) > G and the flow-on @~ and flow-off O+ trajectories are defined as follows:
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fO)Y=f®)=0, — co<[f¢/sinBlgep-<0 (L.3)
0 < [fe’ / sin 9]9294- < oQ

The more general case of an arbitrary number of critical lines on the drop surface
can be considered in a similar manner [1],

We seek particular solutions of Eq, (1.1) without specifying initial conditions, and
introduce the new variahles

n = Pyf(@), T=10 (@, 0) (L.4)

assuming that the concentration ¢ = ¢ (v, ) depends only on these, Equation (1.1)
then assumes the form

r L R@16) L5
(C‘ ~sin® 0 ) ag “fg(e) an2 ()

If function % = ¢ (¢, 9) is taken as the solution of the equation

i} Q 0 9
af (£)1(9) ; fz(e) (1.6)

sin ©

the problem of convective diffusion reduces to the conventional equation of heat conduction
dc | 0L = 0%c/om? (.17
We now determine { = { (¢, 8) from Eq, (1,6) which is equivalent to the fol-

lowing system of ordinary differential equations:

dt  sinBde 4
T T ami® e (1.8)

Integrating the first and the last two of Eqs. (1.8) we obtain

t

ct.o)={Q®a+20) =0 (1.9)

0

2] [¢]
t=— @St @ CO1aE+ Co 2(0) = singr @®)aE
9. . 1

where 8; and 8, are some angles of which 0; does not determine critical point of the
drop surface (f (8,) = 0). and function ¢ (8, C,) is obtained by solving the first of
Egs. (1.9) for t,i.e. ([t (B, C,), 8) = C,. From this we obtain the general solution
of Eq. (1.6)is ( F is an arbitrary function)

8

t=— FE)sinEQ [ (& C)1dE + F[C (2, O)) (1.10)
0,

Function {, is determined with an accuracy to within the constant and the integral

z (8)—>co when 0 — 07 (for the considered class of functions f (8) whose pro-
perties are defined by (1.3)and f (8,) = 0) which follows from the expansion of

z (8) in Taylor series in the neighborhood of point @ = 6~. Hence by selecting 6>
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as the flow-on trajectory 6, = 0~ and setting F' (co) = 0 we obtain the following
system of boundary conditions for Eq. (1.7):

e(m0) =1, ¢(0,0)=0, c(o,8) =1 (1.11)
The solution of problem (1.7), (1.11) is of the form

9 */m&“”
Tn_ exp (— u?)du (1.12)

Initial condition for the input problem (1.1), (1.2), as implied by (1. 9),1s given
by formula (1,12 ) where

1 8) = e () =

0

bl
£(0,0) =& = — QS_f (€)sinEQ £ (€, z (B)1 dE + F [z ()] (1.13)

For the diffusion boundary layer thickness §, and for the differential and total dif-
fusion fluxes on the drop surface from (1,4 ) and (1. 12) we obtain

I R N RN VAT e A () I 1.14

e—u
Ity = dec = 2n S j(t, &) sin&dg
o g+

y==0

Since f (0+):=0 and { (£, 6*) 5= 0 (see (1.3), (1.9),and (1.10) where 0,
= 07), the diffusion boundary layer thickness § becomes infinitely great at the
flow-off point; 8 — co,and 8 — 6+,
When the flow is stabilized 2(¢) = Q(® — const and the assumption F (co)
- ( is valid, the concentration distribution and the diffusion flux on the drop surface
settle,,as implied by (1.9), (1.10), (1.12), and (1,14) ,in the steady mode [1]
t— ~o, c—serf[Yam (e, B)] (1.15)
)
v/ P . I ey e
Je0) = Y o 1O (0,0 L(00,0) = —— | F@)sinta
o”
when ¢ —» oo
Further on we shall seek the explicit form of the solution of problem (1,1), (1, 2)
with two different initial conditions (see Sect. 2)

(x)

t == “’ ¢ o= iv ‘:B == ([}CG('Z'.) = S f(g}SHl gQ—1 {3 ('é‘ ‘L)} dg} (1' 16)
1 b (?

£=0, ¢ -er [T ngg”-], Lo - — g F(E)sin & dE w1
Pl

(Fylry — £y {r) -+ Co)

Function 6 == 0 () is obtained by the inversion of function 2 == xz (8). defined
in (1,9). In these formulas and in what follows the subscripts o and § denote quantities
related to the first (1.16) and second (1,17 ) initial conditions, respectively. As seen
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from (1,12) and (1, 13 ), the first initial condition implies that when ¢ <C 0 the con-
centration in the stream is initially constant and then suddenly the reaction begins to
take place at the drop surface (a similar problem was considered in [2] for the case of
stabilized potential flow around a spherical drop of a translational stream of perfect
fluid ), The second condition corresponds to the state when the substance concentration
distribution in the fluid at the initial instant of time is determined by a steady diffusion
mode with Q©® = 1.

2, Convective diffusion to a bubble in the case of uniformly
translational and shear streams. We shall derive the solution of problem
(1.1), (1.2) with initial conditions (1,16) and (1,17).

Let us consider the unsteady diffision to a bubble in an unsteady,uniformly trans-
lational and shear streams, We assume the following time dependence:

Q (&) == 1+ wt)™? (2.1)
Function Q (¢) may be represented as
Q(t) =14+ QU @), QW@ = —wt( + wt)™!

Such velocity fieldnear the surface is the result of superposition of the unsteady stream

PO = 1/,QM (#) y sin® O on the steady stream P = /,y sin? O [4]. At small
times function Q1) ) —»> — wt,and when f —- coit reaches the limit value equal minus
unity .

In what follows, the solution of problem (1,1), (1.2),(2.1) may be used for ana-
lyzing unsteady diffusion in a stabilized flow (w — 0) past a bubble. Moreover, it
will be shown in Sect.4 that several terms of the expansion of that solution when 1 is
small (up to the first term containing w.inclusively ) provide the asymptotics of solution
of the problem of the uniformly accelerated flow field,

Translational stream. For such stream the stream function is determined
by formulas (1,2) and (2,1) where f (8) = 1/, sin? 8 ,and angles 6+ =0 and

0™ = n define, the flow-off and flow-on trajectories, respectively [4]. Using the
results obtained in Sect, 1, we obtain the following first general solutions of system (1. 8):
QWOIt+cosB)/ (4 —cosB)l® =, (2.2)
9
= —(2C)™ S sin®§ ctg2w (—2—) dg 1 C,
4

From this we obtain the expressions for variables {,and 1 with the first (1.16) and
second (1,17) initial conditions , respectively,
Lo = 4Q71(t)1g* (0/2)[B(cos?*(0/2),2 +w, 2 — w) —
B(z(t,0),2 +w, 2 —w)) (2.3)
Ce= Lo* + Lo Moo= Mp=1/P%ysin?0
CO* = 272 — 4/3237 g()* lt=0 = §0
z2=12(08)=[1+QV»)tg>(0/2)], B} p,q) =

Ver-1(1 —gyrae
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where B (%, p, §) is the incomplete beta function, and the diffusion boundary layer
thickness and the diffusion fluxes on the bubble surface are determined by formulas
(1.14) and (2,3),

When w >0 and f-— oo wehavefor [ thefollowingasymptotic representation:

t—o00, Lo p— 4Q27Y(t)tg¥(0/2)B (c0s?(0/2), 2 + w, 2 — w) (2.4)

Hence in the case of considerable

f times the total and local diffusion
\ fluxes (1, 14 ) assume the same mode
7 3 \2 and tend to zero in inverse proportion

to ]/f The latter means that the
18 2 diffusion boundary layer thickness §
\ increases in proportion to J/¢, i.e.
the diffusion boundary layer approxi-
0 02 ous g mation (1, 1) becomes invalid when
the time is fairly long, and it is nec-
14 b essary to consider the process of dif-
fusion without allowance for convecs
tive transfer, This is also clear if one
takes into account that in the case of
considerable time the bubble velocity

! o ? ' is low, which corresponds to low
M t Péclet numbers.
. Let us now consider the case of
Fig. 1

the stabilized flow. For this we direct
in formula (2,3) w to zero, Note that in the considered case the problem of convective
diffusion with initial condition (1,17 ) reduces to that of conventional steady diffusion
[1 —3]. Hence problem (1, 1) with initial condition (1,16 ) is of interest,since it is
there that unsteady diffusion occurs under steady flow conditions.

Taking into account that Q-1 (#)— €' when w — 0, from (2.3) we obtain

Calt, 8) = glcos 0 — g cos30 4 1y (V — 1)3(V + 1) —(V —1)- (2.5)
(V + 1)71
V=V (t 0) = et ctg¥® / 2)

From this, using the substitution A = cos 0, for the total diffusion flux on the
bubble surface we obtain the expression

1
==p \ (1 —2%dh (2.6)
fel)= VGRP_SI V3 — A - H? — 311

A—th(t/2)
I =HGLN=1—mer2

Io—133V 60P, t— o0

The functional dependence [0 = Iq (t) / Io (00) is shown in Fig. 1 by curve 1.
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It will be seen that the total flux on the bubble surface rapidly (exponentially) attains
the steady mode (£ -+ 0o, [3]).

Shear stream, In this case the stream function near the bubble surface is defined
by formulas (1, 2) and (2,1), where f(©) =3sin20cos B, 6, =0, B = mare
flow=-off trajectories,and 0,~ = g / 2 is the flow-on trajectory [ 5].

The first general solutions of system (1,9 ) are

c0§29
= t=(g)at | mea—dpedto, v=5 @)

0

Q)
tg¥0

(the substitution A == cos? 0) was made in the last integral). Thickness § and the dif-
fusion fluxes j and 7 are determined by formulas (1.14 ) whete variables { and 17 at
the first (1,16) and second (1, 17) initial conditions are, respectively,

Lo = ¥,971 () 1g0IB (cos2 8, 1+ y/2,2 —y/2) —
B(m (.0),1 +v/22 —v/2)]

s = Go* + Cay Ma =mp = 3P ysin? 6 cos 0

Lo = N1 — Q7 (2) tg*Om?(t, O)], Lo* im0 = Lo

m(t, 0) = [1 4+ tg? 6Q 2 (£)]72

(2.8)

which for w > 0 (y >>0) and considerable times yield for { the asymptotic expression
t— 00, Lap— Q71 (2) tg¥0B (cos?0, 1 + /2,2 —y/2) (2.9)

It is evident from (2, 9) that in this case function { behaves similarly to the cor-
responding function { in the case of uniformly translational stream when { — oo ,hence
all of the reasoning related to the latter is also valid here,

Directing in (2.8) w — 0(y — 0) we obtain the problem of convective dif-
fusion under condition of stabilized flow. As in the case of translational stream with
stabilized flow past the bubble, problem (1.1), (1.17) leads here to the solution that
defines steady diffusion [6],

The solution of problem (1,1), (1,16) is obtained by passing in formula (2. 8) to
limit w — 0 (y — 0), For the variable {, and the total diffusion flux we have

Eo = —3,[sin*  — (7% ctg? 6 + 1)72]
To =41 3aPc\w:(3t); Ip—4) 30P, 1 —

The dependence o' = [Io(2) / Iy (00) is shown in Fig.1 by curve 2, In this case
the total diffusion flux exponentially attains the steady mode.

(2.10)

3, The velocity field of fluid in an unstable flow past a bub-
ble at low Reynolds numbers, Asshown in Sect,1 and 2, the solution of the
problem of convective diffusion on the bubble surface in an unsteady flow requires the
determination of the flow field near that surface by the given velocity distribution in the
fluid away from it, i.e. to determine the specific form of function € (¢) in (1.2).

We shall consider here the translational and shear streams at infinity . The first ob-
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tains when a bubble rises in a viscous fluid, and the second occurs, for instance, when
the bubble moves in a divergent {or convergent) flow in a conical channel.
The egquation and boundary conditions for the stream function ¢ = O &, 8+
PPyt r, 8) (@ is the stream function corresponding to stabilized motion with
t < 0) are as follows:

e @

a2 sin8 g 1 a
2 e e Whian P~
B = — aa(sina ae)

72
(T S . gag{j)
T résin@ A8 7 "0 T TS sine ar

where n = 1 relates to a uniformly translational stream and » = 2 to a shear one
{here and in what follows the subscript- » is omitted , except when this could result in
confusion); »:* and »? are velocity components of the fluid. The units of length,
time , and velocity are selected as follows: the bubble radins #, g2v—+ (v is the kinematic
viscosity of fluid),and U = U, (2 =~ n) + aea (n — 1) (U, is the stream veloeity at
infinity {# = 1) and « is the coefficient of shear (z = 2) ), respectively.

The boundary conditions which define the impermeability of the bubble boundary,
absence in it of shearing stresses, and also the behavior of the stream function at infinity
are of the form

8 7} é
- A ep e i A L S
r=1 P =0q e ( ag}} -5 2 = 0 8.2)

=
re—oo, YW euny (1) ™ sin2cos™ 10 (1 (0) == 0)
We seek a solution of problem (8, 1), (3.2} of the form
@ = @ (r, 1) sin2B cos” 18

Applying to (3.1) the Laplace transformation we obtain the following equation for
images:

.s}m*:ﬂ

dr? r2 ar2 re

[__cii 2{2%-}}][@3 2@ 1)

O*(r, s} = f S (r, 1) dT
o

Using the commutivity of operators in the left~hand side of this equation we obtain
its general solution
" " 25 SN AL 2% §
O% = ™ g™ (o) (g exp (V) Ay exp (— )]
We determine constants 4, using boundary conditions (3, 2) and obtain the fol«
fowing expressions for the unsteady addition to the stream function:
i w-Fis
P = sin? § cos™ 1 B 5 5' ST (1, 5) de (3.3)
@—ioo

@ = w* ()™ [ 20 (L )T L 2570, (s P exp [ TR — 1))}
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®(r,s) =31+ ')/ (345", % (r.s) =5(3 - 35" + sr2)/(5 + 55"+ 5)

where u* (s) are images of functions u® (). Note that the expression for ¢* in
(3.3) inthe case of translationalstream (n = 1) wasobtained earlier (see,e. g.,[7-9]).

Since in images the transition’ to imit s -— oo correspondsto t - 0 in the
originals , hence from formulas (3, 3 ) we obtain

T -0, ﬂ,(l) — YYgnu (1) *"™*1 —r~™) sin20 cos™1 0 (3.4)

In what follows we shall need the velocity field in the fluid near the bubble surface,
Expanding (3,3 ) in series in ¥ = r — 1 we obtain
PO =17,k D (v) y sin? B cos™ 10 + O (y?)
{ @-+ico
KO ()= T S "% (1, s) u* (s) ds

W—ico

(3.5)

Since t=t/R (R= Ua/v isthe Reynolds number), it follows from (3, 5) that
the stream function near the particle surface can be represented in both cases of uni -
formly translational (» = 1) and shear (n = 2) flows in the form (1.2) where Q (1)

= Q@ + QW = [2n — 1 + KD (q)]ny2.

Functions =% (1, s) have the following properties:

s§—-0, x(1,s)>2n—1; s—o0, %n(1,s)—2n41

which means that when appropriate limits exist, the relationships
10, KD (1) —(2n+1)u ()

3.6
T -— 09, K(l) (‘f) — (Zn —_ 1) u(l) (T) ( )

are satisfied, Note that the first of these may be also obtained from (3.4 ) by expanding
it in series in the small quantity y = r — 1.

Let us consider a specific example of the determination of function K (1). For
this we take functions «® (1) of the form

u) () =7+ Vi, wlP (r) =15 VT (207 + 15 V7w + 6)

from which , using (3, 5), we obtain
EPmy=tr+2Vin, EP@m=5V71/nlr+3V T +2)

Thus for determining velocity fields near the bubble surface (i.e, for determining
function Q (¢) ) conforming to a given flow away from a particle it is necessary to
determine function K™ (x) in formula (3.5), i.e. to perform the inversion of
the Laplace transformation of known functions, Then, taking into consideration that

T=t/R, to pass to formula (1, 2) and solve the related problem of diffusion (Sects, 1
and 2), In the case of arbitrary times it is necessary to resort to numerical methods,
and when ¢ — O it is possible to obtain an analytic solution (see Sect.4 below),

4 The asymptotic behavior of solutions in the case of short
times. Letus analyze the asymptotic behavior of solutions of problem (1.1) with
initial conditions (1.16) and (1,17) and ¢ — (. For the translational flow past the
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bubble by directing ¢ to zero in (1,14 ) and (2.3 ) we obtain for total diffusion fluxes
the following asymptotic expressions :

t—0, Io(t)=4VaP[t[l+(5/72)* — (712w + 0]  (4.1)
Iy(@) = V8P 1 — 352V 3 —3)wt* + 0 (t3)]

By directing ¢ to zero in (1,14 ) and (2, 8) in the case of shear flow we obtain for
total fluxes the respective asymptotic formulas

t—>0, Ia(t) =4V TP [t[1 43512 — 5/, (81 -+ Tw)t34-0 (Y (4.2)
Ig(t) = 41/3nP [1 — 3/, (3n — 8) wt® -1- O (19)]

Formulas (4. 1) and (4.2) imply that in the case of the first initial condition the
total diffusion flux approaches infinity when ¢ — 0. This is due to the mismatching
of the initial ¢ (0, 0, 6) = 0 and boundary ¢ (0, y— + 0,0) = 1 conditions in
(1.16)and (1.1),

Formulas for total diffusion fluxes (4.1) and (4. 2) remain valid when ¢ — ( for
any K (1) defined as follows:

P = Yy nK (1) y sin® 0 cos™* 0, K (1) =2n—1 + KM (1)
KM () =0; 0K/dot— —(2n— 1w, t—-0, (t=R")

which is accurate to the first term with coefficient w in the expansion in powers of .
Taking this property into account the coefficients of transition (3.6 ) we shall investigate
the convective diffusion on the surface of a bubble subjected to a uniformly accelerated
motion defined by
r—o0, P-—nu(t)r*isin?0cos™ 10
u(t)=1-Fu(r)=1+ 2”_1 bt

2n +

where the coefficient at DT is chosen for convenience, At small T to this formula
correspond the following functions K (t) and Q (¢):

K (1) = 2n — 1)1 + br) (v = R7%)
Q) =1+ bRt

(4.3)

It follows from relationships (4.3) that w = —bR™1. Hence using formulas
(4.1) and (4,2) we obtain for total diffusion fluxes in the cases of translational (n = 1)
and shear (n = 2) flows the following expressions

Iy (t) = I3 (0) [1 + M. bR 4 o(t?) (4.4)
My =352 V3 —3), My=?*3n—8)

It will be seen that formulas (4. 4) do not contain the first term of expansion ' B
in series in . The second term contaings 4 / R as a factor, The contribution of this
factor to the total diffusion flux, on assumptions made above (R << 1) ,is significant,
Note that the total flux increases with increase of speed of the bubble and diminishes
with its deceleration,
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